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The bulk viscosity determines dissipation during hydrodynamic expansion. It vanishes in scale
invariant fluids, while a nonzero value quantifies the deviation from scale invariance. For the dilute
Fermi gas the bulk viscosity is given exactly by the correlation function of the contact density of local
pairs. As a consequence, scale invariance is broken purely by pair fluctuations. These fluctuations
give rise also to logarithmic terms in the bulk viscosity of the high-temperature nondegenerate
gas. For the quantum degenerate regime I report numerical Luttinger-Ward results for the contact
correlator and the dynamical bulk viscosity throughout the BEC-BCS crossover. The ratio of bulk
to shear viscosity ζ/η is found to exceed the kinetic theory prediction in the quantum degenerate
regime. Near the superfluid phase transition the bulk viscosity is enhanced by critical fluctuations
and has observable effects on dissipative heating, expansion dynamics and sound attenuation.
The bulk viscosity is a fundamental transport property
which determines friction and dissipation in fluids dur-
ing hydrodynamic expansion [1, 2]. In particular, scale
invariant fluids can expand isotropically without dissi-
pation and therefore have zero bulk viscosity [3]. In
a generic interacting fluid, instead, a nonzero value of
the bulk viscosity quantifies the breaking of scale invari-
ance in physical systems ranging from QCD [4–7] to con-
densed matter [8–14]. An intriguing example is the two-
dimensional dilute Fermi gas, where the classical model is
scale invariant but a quantum scale anomaly breaks this
symmetry [15–18]; this has recently been observed via
breathing dynamics in cold-atom experiments [19–21].
The bulk viscosity is necessary to understand and pre-
dict the real-time evolution and hydrodynamic modes of
dissipative quantum fluids and to quantitatively interpret
current experiments. However, measurements of the bulk
viscosity remain challenging even for classical fluids [22].
Now a novel experimental probe via the dissipative heat-
ing rate due to a change in scattering length has been
proposed for atomic gases [14]. It is therefore important
to compute the bulk viscosity theoretically for quantum
gases, which moreover includes predictions for the classi-
cal gas in the high-temperature limit.
The bulk viscosity is defined as the correlation function
of local pressure (the trace of the stress tensor). Since it
vanishes in a scale invariant system, only the scale break-
ing part of the pressure contributes, the so-called trace
anomaly [14, 23, 24]. This provides a formal link between
the breaking of scale invariance and bulk viscosity. The
bulk viscosity of the nonrelativistic, strongly interacting
Fermi gas has been calculated from kinetic theory in the
nondegenerate high-temperature limit [11, 12] and in the
low-temperature superfluid state [25, 26]. Its value is
largest in the strongly coupled region of the BEC-BCS
crossover [27] near unitarity, but not precisely at uni-
tarity where is must vanish by scale invariance [3, 9, 28].
Furthermore, hydrodynamic fluctuations give rise to non-
analytic corrections to the bulk viscosity at small fre-
quencies [23, 29]. However, key open questions include
the bulk viscosity in degenerate Fermi gases at strong
interaction, the relative importance of bulk and shear
viscosity, and critical scaling near the superfluid phase
transition.
In this work, I rewrite the bulk viscosity of the dilute
Fermi gas as a correlation function of the contact den-
sity of local fermion pairs. This exact mapping explicitly
links the bulk viscosity to pairing fluctuations as the rel-
evant degrees of freedom and provides a genuine strong-
coupling formulation which is valid in the whole BEC-
BCS crossover including the quantum critical regime [30–
32]. New results include (a) dominant logarithmic cor-
rections to the bulk viscosity at high temperature, (b)
numerical Luttinger-Ward results for the quantum de-
generate gas throughout the BEC-BCS crossover predict
a large bulk viscosity well observable with current ex-
perimental technology, (c) the transport ratio of bulk to
shear viscosity deviates from the kinetic theory predic-
tion in the quantum degenerate regime, and (d) critical
scaling near the superfluid transition is less singular than
predicted [29, 33], but pairing fluctuations dynamically
enhance the scale anomaly.
Bulk viscosity.—The bulk viscosity ζ is defined as the
stress correlation function [8, 34, 35]
ζ(ω) = − 1
ωd2
Im
∫ ∞
0
dt eiωt
∫
ddx〈[Πˆii(x, t), Πˆjj(0, 0)]〉,
(1)
where the trace of the stress tensor Πˆii(x, t) = d·Pˆ deter-
mines the pressure operator Pˆ in dimension d. The two-
component dilute Fermi gas is described by the Hamilto-
nian density [27]
Hˆ =
∑
σ
ψ†σ
(−∇2
2m
)
ψσ + g0ψ
†
↑ψ
†
↓ψ↓ψ↑. (2)
The first term denotes the kinetic energy with fermion
operators ψσ(x, t). The attractive contact interaction
in the second term is characterized by the s-wave scat-
tering length a. For a given value of a, the bare cou-
pling strength g0 is determined according to g
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2−(m/2pi) ln(aΛ) in two dimensions (2D) and g−10 =
(m/4pi)(1/a− 2Λ/pi) in 3D, with ultraviolet momentum
cutoff Λ. The trace of the stress tensor is given by the
scale variation of the Hamiltonian [17],
d · Pˆ = Πˆii = [Hˆ, iDˆ] = 2Hˆ+
{
Cˆ
2pim (2D),
Cˆ
4pima (3D),
(3)
where the dilatation operator Dˆ =
∫
ddxx ·mj(x) gen-
erates scale transformations. The first term on the right-
hand side is the scale invariant result [Hˆ, iDˆ] = 2Hˆ. If
only this is present, the pressure is proportional to the
Hamiltonian and commutes with itself in (1), hence the
bulk viscosity ζ(ω) ≡ 0 vanishes identically in the scale
invariant case [3, 9, 28, 36].
The second term, in turn, is proportional to the
local pair contact density Cˆ = −m2(∂Hˆ/∂g−10 ) =
m2g20ψ
†
↑ψ
†
↓ψ↓ψ↑ [37]. Scale invariance is recovered for the
ideal quantum gas where Cˆ = 0, and also for the 3D uni-
tary Fermi gas where 1/a = 0 at the scattering resonance.
A nonzero bulk viscosity therefore quantifies the break-
ing of scale invariance, which is generally expected in the
interacting Fermi gas, except at unitarity.
Contact correlation.—By conservation of energy, the
Hamiltonian in (3) does not contribute to the pressure
commutator (1), and the bulk viscosity is given by the
correlator of the scale breaking term. The scaling viola-
tion in the trace of the stress tensor is the so-called trace
anomaly [14, 23]
Πˆan ≡ Πˆii − 2Hˆ = cd Cˆ, (4)
where cd = −(∂g−10 /∂ ln |a|)/m2 denotes the scale varia-
tion of the bare coupling (beta function). For the dilute
gas, the equilibrium bulk viscosity is thus exactly given
by the contact correlator,
ζ(ω) = − c
2
d
ωd2
Im
∫ ∞
0
dt eiωt
∫
ddx〈[Cˆ(x, t), Cˆ(0, 0)]〉.
(5)
The contact operator is the term in the Hamiltonian
which couples to the scattering length. In linear response,
the bulk viscosity thus captures how the local pair con-
tact density at time t changes in response to a variation
of the scattering length at earlier time t = 0 [14],
χ(x, t) ≡ 〈[Cˆ(x, t), Cˆ(0, 0)]〉 =
2pim
( ∂〈Cˆ(x,t)〉
∂ ln a(0,0)
)
s
(2D),
−4pim( ∂〈Cˆ(x,t)〉∂a−1(0,0))s (3D)
(6)
at constant entropy per particle s = S/N . The time de-
pendent contact response captures how quickly the con-
tact adjusts to a change in scattering length; this di-
rectly determines the dynamical bulk viscosity accord-
ing to Eq. (5). This makes the contact correlation, and
hence the dynamical bulk viscosity, directly accessible in
cold atom experiments where the scattering length can
be controlled in time by the magnetic field near a Fesh-
bach resonance and the time evolution of the contact has
already been measured using RF spectroscopy [38, 39].
Viscosity sum rule.—Since the pressure operator is
hermitean, the dynamical bulk viscosity is an even and
positive function of frequency, ζ(ω) ≥ 0 [8]. The integral
over all frequencies in Eqs. (5), (6) immediately yields
the bulk viscosity sum rule [8, 10] with C = 〈Cˆ〉,
S ≡ 2
pi
∫ ∞
0
dω ζ(ω) =
{
− 18pim
(
∂C
∂ ln a
)
s
(2D),
1
36pima2
(
∂C
∂a−1
)
s
(3D).
(7)
Using the Tan adiabatic relation to express the contact
Πan = cd C = (∂E/∂ ln |a|)s as the scale variation of the
energy density E [17, 37, 40], the sum rule is given by the
scale “susceptibility” S = −(1/d2)(∂2E/∂(ln |a|)2)s ≥ 0
in d dimensions. The sum rule is taken at constant en-
tropy per particle to ensure that the bulk viscosity of the
ideal gas is zero [8].
Pair fluctuations.—The local contact density can
equivalently be interpreted as the density operator
Cˆ = ∆ˆ†∆ˆ(x) of the local fermion pair field ∆ˆ(x) =
mg0ψ↓(x)ψ↑(x). The bulk viscosity thus depends di-
rectly, and only, on pairing fluctuations within the attrac-
tive Fermi gas; it is given exactly by the four-point pair
correlation function χ(x, t) = 〈[∆ˆ†∆ˆ(x, t), ∆ˆ†∆ˆ(0, 0)]〉.
One can anticipate that the bulk viscosity has a strong
signature at the superfluid phase transition which is
driven by pair fluctuations (see below). While pair fluctu-
ations are strong also at unitarity, the prefactor c2d ∼ 1/a2
ensures that ζ vanishes in this case.
To summarize, the bulk viscosity is the response func-
tion of the trace anomaly and is therefore sensitive to
scaling violation. For the dilute quantum gas, the trace
anomaly is proportional to the contact density of local
pairs and depends only on the pairing properties. This
establishes the link between pairing [41] and the quan-
tum scale anomaly [21] suggested by recent experiments
in 2D Fermi gases.
Analytical results.—The contact correlations and bulk
viscosity can be computed exactly in several limiting
cases: at (i) zero density (two-body), (ii) high frequency,
and (iii) high temperature (virial expansion).
The zero-density case (i) is determined solely by two-
body physics. In this limit, the only source of dissipa-
tion is the dissociation of a bound molecule at the two-
body binding energy εB = ~2/ma2; this yields a high-
frequency tail above the threshold ω > εB to break a
pair [10, 42],
ζ2D,vac(ω) =
C0
4mω
Θ(ω − εB)
ln2(ω/εB − 1) + pi2
(8)
in 2D, where C0 denotes the two-body contact. In 3D,
a two-body bound state exists only on the BEC side for
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FIG. 1. Dynamical bulk viscosity ζ(ω)/[
√
2z2/9pia2λ] vs fre-
quency ω in the high-temperature limit (11). From top to
bottom: BEC (v = 0.5, green), Unitary (v = 0, orange), BCS
(v = −0.5, blue). Inset: logarithmic plot shows exact high-
frequency asymptotics (10) proportional to C/ω3/2 (dashed).
a > 0, and
ζ3D,vac(ω) =
C0 Θ(a)
36pima
√
εB(ω − εB) Θ(ω − εB)
ω2
. (9)
This two-body result serves to disentangle the dissipation
due to two-body pair breaking from the genuine many-
body bulk viscosity below [10].
In the limit (ii) of high frequency ω  εF , T , the con-
tact correlator is evaluated at small times where it factor-
izes as χ(x, t→ 0) ' m2Γ(x, t)C(0, 0); at large frequency,
the pair propagator Γ(x, t) approaches the zero-density
form [42]. It follows immediately that for ω → ∞ the
bulk viscosity is proportional to the contact density and
decays with a characteristic frequency dependence,
ζ(ω →∞) =
{ C
4mω ln2(ω/εB)
(2D),
C
36pia2(mω)3/2
(3D).
(10)
This derivation reproduces earlier results [10, 43, 44] in
a dramatically simpler calculation. The zero-density re-
sults (8) and (9) approach the high-frequency limit with
two-body contact density C0. However, the exact high-
frequency limit is more general and holds at arbitrary
density, temperature and interaction in terms of the total
contact density C(n, T, a). This asymptotic behavior is
important because it guarantees convergence of the sum
rule (7).
Finally, the dynamical bulk viscosity can be computed
exactly in the high-temperature limit (iii) by virial ex-
pansion [11, 12]. To second order in fugacity z = eβµ,
the pair distribution b(ε) = z2e−β(ε+2µ) is combined with
ζ
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FIG. 2. Bulk viscosity ζ(v) vs interaction v = λ/a
√
2pi in the
high-temperature limit. Viscosity ζ/[23/2z2/9piλ3] (14) (solid
blue), sum rule S/[23/2z2T/9λ3] (12) (dashed orange). Inset:
Contact correlation a2ζ (solid blue), contact sum rule a2S
(dashed orange) and contact C/[16piz2λ−4] (red).
the zero-density spectral function to yield [42]
ζ3D,vir(ω > 0) =
2
√
2
9
z2λ−3v2
1− e−βω
βω
×
[
Θ(v)2vev
2
√
βω − v2 Θ(βω − v2)
βω
+
1
pi
∫ ∞
0
dy
e−y
√
y(y + βω)
(y + v2)(y + βω + v2)
]
. (11)
Here, v = (λ/a)/
√
2pi denotes the dimensionless interac-
tion parameter as the inverse scattering length in units
of the thermal length λ =
√
2pi/mT . The dynamical vis-
cosity has two terms as illustrated in Fig. 1: the first,
bound-continuum contribution occurs only on the BEC
side v > 0 and arises from breaking up bound states at
high frequency |ω| > εB , which leads to strong damping
as seen before in the two-body limit (9). The second term
is the continuum-continuum contribution of dissociated
pairs, which extends over all frequencies but has most of
its spectral weight at small frequencies ω . εB . At this
order there is no bound-bound contribution because an
ideal Bose gas of bound pairs is scale invariant; correc-
tions arise from atom-dimer scattering at order O(z3).
Both contributions in (11) are necessary to exhaust the
sum rule (cf. Fig. 2)
S3D,vir =
2
√
2
9
z2Tλ−3v2
[
(1 + 2v2)ev
2
(1 + erf(v))
+
2v√
pi
−Θ(v)4v2ev2
]
. (12)
This agrees with the adiabatic derivative (7) of the con-
tact [11, 45] C3D,vir = 16piz2λ−4
[
1+
√
pi vev
2
(1+erf(v))
]
.
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FIG. 3. Bulk viscosity from Luttinger-Ward computation. (a) Dynamical bulk viscosity ζ(ω)(kF a)
2/~n vs frequency ω at
unitarity, for increasing temperature from top to bottom (see legend); universal high-frequency tail ζ(ω) ∼ C/ω3/2 (dashed).
(b) dc bulk viscosity ζ(T )(kF a)
2/~n vs temperature for different interaction: from top to bottom BEC (1/kF a = 1), Unitary
(1/kF a = 0), and BCS (1/kF a = −1). Kinetic prediction ζkin(T )(kF a)2/~n (16) from shear viscosity (dashed). (c) Sum rule
S(T )(kF a)
2/nεF (solid) and contact C(T )/k4F (dashed) vs temperature for different interaction; virial limit T−3/2 (dot-dash).
At unitarity v → 0, the analytical dynamical viscosity
ζunitary3D,vir (ω) =
2
√
2
9pi
z2λ−3v2
sinh(βω/2)
βω/2
K0(βω/2). (13)
At this order, the unitary contact correlation has a loga-
rithmic singularity a2ζ ∼ ln(T/ω)z2 for small frequencies
from the modified Bessel function K0(βω/2), as shown
in Fig. 1. The logarithmic singularity for small fre-
quencies corresponds via Fourier transform to the log-
arithmic singularity of the bulk viscosity at long times,
ζ(t) ∼ ln(t)/(a2t) [46]. Precisely at unitarity, the bulk
viscosity vanishes for all frequencies due to the v2 ∝ a−2
factor. Throughout the BEC-BCS crossover, the dc bulk
viscosity is then given by (see Fig. 2)
ζ3D,vir(v) =
2
√
2
9pi
z2λ−3v2
[−1− (1 + v2)ev2 Ei(−v2)].
(14)
The exponential integral Ei(x) yields a logarithmic singu-
larity in scattering length a2ζ ∼ ln(a2/λ2)z2 shown in the
inset of Fig. 2. The singular coefficient of the virial ex-
pansion is regularized by higher-order terms O(z3) from
the fermionic self-energy [9, 11]; these are resummed in
the Luttinger-Ward computation and yield a finite dc
limit in Fig. 3(b) below.
In 2D, there is always a bound state with binding en-
ergy εB > 0 even for arbitrarily weak attractive interac-
tion. The dynamical bulk viscosity is obtained as [42]
ζ2D,vir(ω) = 2piz
2λ−2
1− e−βω
βω
[βεBeβεB Θ(ω − εB)
ln2(ω/εB − 1) + pi2
+
∫ ∞
0
dy
e−y
[ln2(yT/εB) + pi2][ln
2((yT + ω)/εB) + pi2]
]
.
The dc bulk viscosity is then approximately given by
ζ2D,vir(εB/T ) ' 2piz
2λ−2
[ln2(T/2εB) + pi2]2
. (15)
This result for the bulk viscosity based on contact cor-
relations is similar in structure to the fermionic Boltz-
mann calculation [12] but larger by a factor 4pi2, which
is necessary to satisfy the sum rule [42] and the high-
frequency asymptotics with the contact density [47, 48]
C2D,vir = 16pi2z2λ−4
[
βεBe
βεB +
∫∞
0
dy e
−y
ln2(yT/εB)+pi2
]
.
Luttinger-Ward results.—The Luttinger-Ward (LW)
technique is a diagrammatic strong-coupling approach to
fermions in the BEC-BCS crossover [49, 50] which treats
fermions ψσ and the pair field ∆ on equal footing. Its pre-
dictions for the unitary shear viscosity [9] agree well with
recent data [51], and similarly for spin diffusion [52, 53].
In this work, I extend the previous LW approach to com-
pute the bulk viscosity (5) via the contact correlation
function (6). It uses the self-consistent pair propagator Γ
and includes vertex corrections which represent the scat-
tering between pairs, resummed to arbitrary order [42].
While contact vertex corrections are subleading in the
high-temperature limit and could be neglected, they are
crucial in the quantum degenerate regime and need to be
included for an accurate numerical solution.
The dynamical bulk viscosity ζ(ω) determines the dis-
sipation when the scattering length in Eq. (6) is modu-
lated at frequency ω; the hydrodynamic limit is obtained
for ω → 0. While ζ(ω) vanishes at unitarity as 1/a2,
the contact correlations a2ζ(ω) are nonzero at unitarity
as shown in Fig. 3(a). At low temperature there is a
pronounced peak at low frequencies ω . T that crosses
over into the universal high-frequency tail ζ(ω) ∼ Cω−3/2
(dashed) for ω & εF . At higher T & TF the thermal peak
for ω . T leads directly into the tail. The peak width
∝ T is consistent with quantum critical scaling.
5The dc bulk viscosity a2ζ(T ) shown in Fig. 3(b) is one
of the central results: it is largest near the superfluid
transition and decreases toward high temperature where
pair fluctuations become weaker, as discussed below.
Bulk/shear ratio.—At high temperature kinetic theory
predicts the ratio of bulk viscosity ζ to shear viscosity η,
ζ/η ∝ (Πan/Πii)2 = [(P − 2E/3)/P ]2, (16)
to be proportional to the squared pressure deviation from
scale invariance [11, 54]. Using LW bulk/shear and ther-
modynamic data [9], this is tested by comparing ζ to the
kinetic theory prediction ζkin ≡ η[(P − 2E/3)/P ]2, which
is shown in Fig. 3(b) as the dashed line. There is very
good agreement with unit proportionality factor at high
temperature T ≥ TF , where a quasiparticle picture is ex-
pected to hold. Consequently, the shear viscosity at high
temperature is fully determined by scale breaking pair
fluctuations as reflected in ζ and in the contact.
In the quantum degenerate regime, the bulk viscosity
grows monotonously as the temperature is lowered to-
ward the superfluid phase transition and can reach large
values ζ & ~n near Tc. At low temperature, ζ > ζkin and
also ζ/η > 1 can exceed unity since pair fluctuations near
the superfluid phase transition affect the bulk viscosity
more strongly than the shear viscosity.
Critical pair fluctuations.—The fact that the bulk vis-
cosity is the dynamical correlator of order-parameter fluc-
tuations ∆(x, t) suggests that ζ might diverge at Tc [29];
instead, vertex corrections in the LW calculation sub-
stantially reduce the contact vertex at low momenta and
render the bulk viscosity large but finite [42]. The ab-
sence of divergent critical scaling might depend on how
the critical point is approached, as found in QCD [55].
Finally, Fig. 3(c) shows the viscosity sum rule S. It
is large in the quantum degenerate regime and decreases
toward high temperature as T−3/2 (12) (dot-dashed), i.e.,
faster than the contact C ∼ T−1 itself (dashed) [9, 45, 56].
To conclude, the bulk viscosity identifies the break-
ing of scale invariance with the strength of pair fluctua-
tions, which become very large near Tc and on the BEC
side. This provides a strong signature in cold atom ex-
periments, either directly in the response of the contact
[14, 38, 39] to a change in scattering length, or by modu-
lating the scattering length periodically and measuring
the dissipative heating rate E˙ = d2a2ζ · (∂ta−1)2 [14]
proportional to a2ζ(ω, T ) shown in Fig. 3(a,b), which is
nonzero also at unitarity. Further signatures of enhanced
dissipation ζ can be found in the hydrodynamic descrip-
tion of scaling or breathing dynamics [10, 13, 18, 21] and
sound attenuation Ds = [
4
3η + ζ + κ(c
−1
v − c−1p )]/mn
[2, 57].
Note added. After submission, two other calculations
[58, 59] of the bulk viscosity in the high-temperature limit
appeared, which agree with our results where applicable.
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Supplemental material
Contact correlations
The contact correlation can be written in terms of the
pair field ∆(x, τ) in imaginary time τ as
χ(x, τ) = 〈∆†∆(x, τ) ∆†∆(0, 0)〉 (17)
with imaginary time ordering understood. The pair prop-
agator 〈∆(x, τ)∆†(0, 0)〉 = m2Γ(x, τ) can be expressed
in terms of the T matrix Γ(x, τ), and one can write the
contact correlation as the scale variation of the T matrix,
χ(x, τ) =
m2
cd
δΓ(x, τ)
δ ln |a(0, 0)| (18)
= m4Γ(x, τ)Γ(−x,−τ) + vertex corrections.
In imaginary Matsubara frequency iωm, the spatially in-
tegrated contact correlator is given by
X(iωm) =
∫
ddxχ(x, iωm)
=
m4
βV
∑
qεn
Γ(q, iεn)Γ(q, iεn + iωm) + vtx. corr., (19)
while the contact density itself is given by C =
(m2/βV )
∑
qεn
Γ(q, iεn). The vertex corrections are im-
portant in the quantum degenerate case and are com-
puted below using the Luttinger-Ward approach. At high
temperature or low density, the vertex corrections are
subleading and the first term can be computed analyti-
cally. After analytical continuation to real frequency, the
retarded correlator reads
XR(ω) =
m4
V
∑
q
∫
dεA(q, ε)b(ε)
× [ΓR(q, ε+ ω) + ΓA(q, ε− ω)] + vtx. corr. (20)
in terms of the retarded/advanced pair propagators and
the pair spectral function A(q, ε) = −(1/pi) Im ΓR(q, ε).
This determines the dynamical bulk viscosity as the con-
tact correlator spectral function
d2
c2d
ζ(ω) = − ImX
R(ω)
ω
=
pim4
ωV
∑
q
∫ ∞
−∞
dεA(q, ε)A(q, ε+ ω)[b(ε)− b(ε+ ω)]
+ vtx. corr. (21)
Zero-density limit
At zero density, the vertex corrections in (19) vanish
and the contact correlator is completely determined by
the particle-hole excitations of pairs (21). The pair prop-
agator (T matrix), in turn, is given diagrammatically by
repeated particle-particle scattering,
ΓR(q, ε)−1 = g−10 −
∫
ddp
(2pi)d
1− f(ξp)− f(ξq−p)
ε+ i0− ξp − ξq−p .
(22)
Here, f(ε) denotes the Fermi distribution and ξp = εp−µ
measures the dispersion εp = p
2/2m from the chemical
potential µ. At zero density there is only a single up
and a single down fermion, such that the Fermi func-
tions f(ξp) vanish: the momentum integral is then per-
formed analytically and yields the pair spectral functions
A(q, ε) = −(1/pi) Im ΓR(q, ε) given as
A2D(q, ε) =
4pi
m
[
εBδ(ε+ 2µ+ εB − ωq) (23)
+
Θ(ε+ 2µ− ωq)
ln2[(ε+ 2µ− ωq)/εB ] + pi2
]
,
A3D(q, ε) =
4pi
m3/2
[
2
√
εB δ(ε+ 2µ+ εB − ωq)Θ(a) (24)
+
1
pi
√
ε+ 2µ− ωq Θ(ε+ 2µ− ωq)
ε+ 2µ+ (ma2)−1 − ωq
]
.
The first term is the bound-state peak, which appears
always for attractive interaction in 2D and for a > 0
(BEC side) in 3D, followed by the scattering continuum;
ωq = q
2/2M denotes the dispersion of fermion pairs
(molecular bound states) of mass M = 2m.
In order to compute the bulk viscosity in the zero-
density limit, one has to set T = 0 and chemical potential
µ = −εB/2 at the threshold of the two-body binding
energy εB = ~2/ma2 (µ = 0 when there is no two-body
bound state on the BCS side in 3D). At zero density,
dissociating a bound state at ε = ωq = 0 in 2D yields
Eq. (8) in the main text. This satisfies the sum rule (7),
S2D,vac = C0/4pim = εB/V = −(1/4)(∂2E0/∂(ln |a|)2)s
where E0 = −C0/4pim. In 3D, a vacuum bound state
exists only for a > 0, and one finds Eq. (9), which again
satisfies the sum rule (7) with S3D,vac = C0/36pima =
−(1/9)(∂2E0/∂(ln |a|)2)s and E0 = −C0/8pima.
High-frequency limit
The response at high frequencies is only sensitive to
the behavior of the contact correlation at short times,
which factorizes in the limit τ → 0 as
χ(x, τ) = 〈∆†∆(x, τ)∆†∆(0, 0)〉
' 〈∆(x, τ)∆†(0, 0)〉〈∆†∆(0, 0)〉
= m2Γ(x, τ)C(0, 0).
8In this limit, the T matrix Γ(x, τ) is unaffected by fi-
nite density and approaches the zero-density form (23),
(24). Therefore, the high-frequency limit ω → ∞ of the
bulk viscosity is proportional to the contact density and
decays with the asymptotic frequency dependence (10)
quoted in the main text for ω  εB .
Virial expansion
The virial expansion to second order O(z2) in the
fermionic fugacity z = eβµ correctly describes the prop-
erties of the interacting Fermi gas as long as the pair
fugacity zpair = z
2eβεB  1 remains small. Because ver-
tex corrections in Eq. (21) appear only at higher order
in z, the second-order virial result is fully determined
by the first term in that equation. Since the occupation
factor b(ε) is already order z2, it suffices to use the zero-
density form of the pair spectral function (24) and the
Boltzmann distribution to obtain
d2
c2d
ζ(ω) =
pim4
ω
∫
d3q
(2pi)3
∫
dεA3D(q, ε)A3D(q, ε+ ω)
× z2e−β(ε+2µ)[1− e−βω].
With the explicit form of A3D (24) and in the new fre-
quency variable y = β(ε+ 2µ− ωq) one finds
d2
c2d
ζ(ω) = 16pi3mz2
1− e−βω
ω
∫
d3q
(2pi)3
e−βωq
∫
dy e−y
×
[
2
√
βεBδ(y+βεB)Θ(v)+
1
pi
√
yΘ(y)
y + v2
][
y 7→ y+βω
]
,
where v = (λ/a
√
2pi) denotes the dimensionless 3D in-
teraction parameter. Since ζ(ω) is even in frequency
it suffices to consider ω > 0; then there is the bound-
continuum contribution from the bound state y = −βεB
in the first bracket and the continuum y+ βω > 0 in the
second. On the other hand, for y > 0 one obtains the
continuum-continuum contribution, and both terms are
combined to yield
d2
c2d
ζ(ω) = 32
√
2pi2mz2λ−3
1− e−βω
ω
×
[
2vev
2
Θ(v)
√
β(ω − εB) Θ(ω − εB)
βω
+
1
pi
∫ ∞
0
dy
e−y
√
y(y + βω)
(y + v2)(y + βω + v2)
]
.
Note that there appears no bound-bound contribution
δ(ω) because an ideal Bose gas of pairs is scale in-
variant. Multiplication with the coefficient (cd/d)
2 =
T 2λ2v2/(288pi3) in 3D yields the dynamical bulk viscos-
ity (11).
Frequency integration determines the spectral weight
of the terms in brackets as Sbc = [2(1 + 2v
2)ev
2
erf(v)−
4v2ev
2
+ 4v/
√
pi]Θ(v) for the bound-continuum contribu-
tion, which becomes large in the BEC limit. Further-
more, the continuum-continuum contribution has weight
Scc = [(1+2v
2)ev
2
(1−erf(|v|))−2 |v| /√pi], and by com-
bining both one exhausts the sum rule (12).
The contact density is given to the same order in
the virial expansion by the occupied spectral function
of pairs,
C3D,vir = m2
∫
d3q
(2pi)3
∫ ∞
−∞
dεA(q, ε)b(ε)
= 16piz2λ−4
[
1 +
√
pi vev
2
(1 + erf(v))
]
.
This is equivalent to the derivative of the second virial
coefficient, C = 8pi√2piz2λ−4∂b2(v)/∂v with b2(v) =
−1/4√2 + (1/√2)(1 + erf v)ev2 , b′2 =
√
2/pi + 2vb2, and
b′′2 = 2(b2 + vb
′
2). The contact grows monotonously with
the interaction parameter v, as shown in Fig. 2; this gen-
eralizes earlier results [11, 45].
In order to compute the adiabatic derivative of the
contact, one has to keep the entropy per particle s =
β(h−µ) fixed. This is given in terms of the enthalpy per
particle h = (p+ E)/n and the chemical potential µ, and
at second order virial expansion one finds
s =
5
2
1 + z(b2 − vb′2/5)
1 + 2zb2
− ln(z)
in extension of the Sackur-Tetrode entropy formula
s = 5/2 − ln(z). The adiabatic derivative with re-
spect to v is related to the grand canonical deriva-
tive keeping µ and T fixed, plus an additional term
adjusting z′/z to compensate for the change in en-
tropy: (∂z2b′2/∂v)s = (2
z′
z b
′
2 + b
′′
2)z
2. In the BEC
limit, z′/z = −v and we find the adiabatic derivative
(∂z2b′2/∂v)s = 2z
2b2. The corresponding two-body con-
tact is C0 = 4pin/a = 16piz2λ−4
√
pi2vev
2
, and the adi-
abatic derivative (∂C0/∂v)s = C0/v = 16piz2λ−4
√
pi2ev
2
yields the bound-continuum contribution to the sum rule
(12) without a bound-bound contribution. Similarly, the
adiabatic derivative of the continuum part of the con-
tact at fixed fermionic entropy s = 5/2− ln(z) yields the
continuum-continuum contribution to the sum rule (12),
thus confirming Eq. (7) by explicit computation in the
high-temperature limit.
The dynamical bulk viscosity in two dimensions is
computed in a completely analogous fashion to obtain the
bulk viscosity quoted in the main text. Its total spectral
weight is given by the sum rule (7) with
S2D,vir = 2z
2Tλ−2
[
βεBe
βεB
+ 2
∫ ∞
0
dy
e−y ln(y/βεB)
[ln2(y/βεB) + pi2]2
]
.
9The sum rule agrees with the adiabatic derivative of the
contact density [47, 48]
C2D,vir = 16pi2z2λ−4
[
βεBe
βεB
+
∫ ∞
0
dy
e−y
ln2(y/βεB) + pi2
]
.
Luttinger-Ward approach
The Luttinger-Ward approach [49] to the attractive
Fermi gas is based on two-component fermions ψσ(x, τ)
which interact by forming (virtual) pairs ∆(x, τ). It is
constructed to be a conserving approximation which ex-
actly conserves not only particle number and momentum
current but also the dilatation current (scale invariance)
[9] and the Tan relations [32]. The pair propagator is
given by the T matrix (cf. Eq. (22))
Γ−1(q, in) = g−10 +M(q, in) (25)
with bare coupling g0, and the pair self-energy is given by
the fermion particle-particle bubble M(q, in). This is a
convolution of two dressed fermion propagators G(q, in)
in momentum q and Matsubara frequency in. How-
ever, numerically it is more conveniently computed by a
Fourier transform to real space r and imaginary time τ ,
where the particle-particle bubble is a local product
M(r, τ) = [G(r, τ)]2; (26)
the resulting M(r, τ) is then Fourier transformed back
to momentum and frequency M(q, in) to be inserted
in the pair Dyson equation (25). In turn, the fermion
propagator for each spin component of the balanced gas
is given by the Dyson equation
G−1(q, in) = −in + εq − µ+ Σ(q, in) (27)
with the fermionic self-energy Σ(q, in) determined by
scattering fermions off virtual pairs. The particle-hole
bubble of a pair (particle) and a fermion (hole) is again
concisely written as a local multiplication in Fourier
space,
Σ(r, τ) = Γ(r, τ)G(−r,−τ). (28)
These four equations (25)–(28) form a closed set of equa-
tions, which is solved self-consistently by iteration until
convergence is reached. The propagators Γ(q, in) and
G(q, in) are first initialized with the bare propagators,
then Fourier transformed to real space. The self-energies
(26) and (28) are computed in real space, then Fourier
transformed back to momentum space. These are then
inserted into the Dyson equations (25) and (27), which
provide the starting point for the next iteration.
The Luttinger-Ward approach has previously been
used for fermionic shear and spin transport [9, 52]; by
considering the response to variations of an external field
(shear strain or spin gradient), a new set of self-consistent
transport equations is obtained for the renormalized cur-
rent vertices which include vertex corrections to satisfy
the Ward identities exactly. For the bosonic contact cor-
relations, instead, one has to consider the response to
a time-dependent scale variation. Specifically, the scale
breaking variation δ = −∂/∂(4pima)−1 at external drive
frequency iωm of each of the above equations (25)–(28)
yields a new set of self-consistent transport equations for
the renormalized trace anomaly response vertices:
δΓ−1(q, in; iωm) = δg−10 + δM(q, in; iωm), (29)
δM(r, τ ; iωm) = 2G(r, τ ; iωm) δG(r, τ ; iωm), (30)
δG−1(q, in, iωm) = δG−10 (q, in, iωm)
+ δΣMT(q, in, iωm)
+ δΣAL(q, in, iωm), (31)
δΣMT(r, τ ; iωm) = Γ(r, τ ; iωm) δG(−r,−τ ; iωm),
(32)
δΣAL(r, τ ; iωm) = δΓ(r, τ ; iωm)G(−r,−τ ; iωm).
(33)
In the first line (29), δΓ−1 denotes the interaction scale
variation of the bosonic pair propagator: it consists of
the bare contact vertex δg−10 = −m2, which is obtained
from the scale variation cd of the bare coupling, and
the contact vertex correction δM , which arises from the
scale variation of the particle-particle bubble (30). While
the bare fermionic propagator has no scale dependence,
δG−10 = 0, the dressed fermion propagator (27) acquires
a scale dependence from the self-energy term (28). This
gives rise to a fermionic trace anomaly vertex δG−1 in
(31) with two distinct types of vertex corrections. The
first, so-called Maki-Thompson vertex correction δΣMT
in (32) is built from a fermionic anomaly vertex δG, while
the second, Aslamazov-Larkin vertex corrections δΣAL in
(33) arises from the renormalized bosonic contact vertex
δΓ. The scale variation of the propagators is computed
from the inverse propagators as
δG(q, in; iωm) = −G(q, in) δG−1(q, in; iωm)
×G(q, in + iωm),
δΓ(q, in; iωm) = −Γ(q, in) δΓ−1(q, in; iωm)
× Γ(q, in + iωm).
The self-consistent transport equations are solved sepa-
rately for each value of the external frequency iωm; as
before, a Fourier transform converts the anomaly ver-
tices between Fourier space (q, in) and real space (r, τ)
at fixed parameter iωm.
In the first iteration of the transport equations,
only the bare pair propagator depends on scale and
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FIG. 4. Renormalized contact vertex. The static contact
vertex near Tc is strongly suppressed by contact vertex cor-
rections as ∼ q2 at low momenta q. Luttinger-Ward data are
shown for reduced temperature (T − Tc)/Tc = 0.003.
yields the bare contact vertex δg−10 = −m2, while the
bare fermions are independent of the interaction scale,
δG−10 (q, in; iωm) = 0. In subsequent iterations, the
fermionic anomaly vertex δG−1 picks up an interaction
scale dependence from the MT and AL vertex corrections
(32) and (33). The scale dependence of the fermionic
vertex, in turn, generates vertex corrections δM which
renormalize the contact vertex δΓ−1. Once convergence
is reached, the Maki-Thompson and Aslamazov-Larkin
vertex corrections include contributions of arbitrarily
high perturbative order in the bare coupling.
The spatially integrated contact correlation function
(19) is computed by the Kubo formula
χ(k = 0, iωm) = X(iωm)
=
1
βV
∑
qn
δg−10 Γ(q, in) δΓ
−1(q, in; iωm) Γ(q, in+iωm)
(34)
for each value of the external Matsubara frequency iωm.
Finally, analytical continuation to real frequencies ω +
i0 is performed using Pade´ approximants for the first
few tens of Matsubara frequencies to obtain the retarded
contact correlator XR(ω) in (20), which yields the bulk
viscosity via Eq. (21).
At high temperature, the vertex corrections are sub-
leading and it suffices to use the bare contact vertex
δΓ−1 = δg−10 , such that (34) simplifies to
χvir(k = 0, iωm) = Xvir(iωm)
=
m4
βV
∑
qn
Γ(q, in) Γ(q, in + iωm) (35)
in agreement with the first term in Eq. (19). Hence, the
virial limit is contained within the LW approach.
In the BEC limit a → 0+, the pair propagator has a
large gap of order εB  εF , T between the bound state
branch and the continuum of dissociated pairs. How-
ever, the bound state branch is no longer a δ peak as in
Eq. (24) but is broadened due to atom-dimer and dimer-
dimer scattering contained within the dressed propaga-
tors and the vertex corrections in the LW equations. This
broadening gives rise to a finite bound-bound contribu-
tion to the bulk viscosity, which should approach the dc
bulk viscosity of a weakly repulsive Bose gas as a→ 0+.
Importance of contact vertex corrections
While in the high-temperature limit the fully dressed
contact vertex δΓ−1(q, in; iωm) is close to the bare con-
tact vertex δg−10 = −m2, it is found to be substan-
tially renormalized in the quantum degenerate regime
approaching Tc. In particular, at the superfluid phase
transition the pair propagator Γ ∼ 1/(ξ−2 + q2) be-
comes gapless and gives rise to divergent critical fluc-
tuations as the correlation length ξ → ∞ diverges. One
might expect that the contact correlations (34) would
also diverge with a positive power of ξ. However, the
contact vertex corrections δM which are included within
the Luttinger-Ward approach strongly suppress the static
contact vertex at small momenta and result in a scaling
form δΓ−1(q, 0; 0) ∼ q2, which renders the contact cor-
relation less singular when approaching Tc. This is il-
lustrated in Fig. 4, which shows the fully renormalized
contact vertex in units of the bare contact vertex δg−10 :
at large momenta q  kF it remains unrenormalized,
but is strongly suppressed as ∼ q2 for small momenta
ξ−1  q  kF before it eventually saturates for q  ξ−1,
where ξ depends on the distance from Tc.
